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Abstract-Self heating of polymers sustaining a compressive cyclic loading is assessed by theoretical
analyses and experimental measurements. Steady-state solutions are obtained in the case of isotropic
linear viscoelastic temperature sensitive materials and negligible inertia effects. The conditions of
thermal failure associated with the nonexistence of steady-state solutions are discussed. The stability
of steady states is also analysed. and conditions of thermal runaway are obtained. The extent to
which these theoretical analyses are in agreement with experimental results is evaluated. Copyright
f; 1996 Elsevier Science Ltd

1. INTRODUCTION

This paper is aimed at analysing the deformation induced self heating in a cylindrical
specimen, made of a polymeric material sustaining a cyclic compressive loading. The
distribution of temperature is calculated in closed form and conditions of melting by
thermal runaway are discussed. We also develop experimental measurements, and assess
the extent to which agreement with theoretical analyses has been attained.

The control of self heating is of considerable importance in structural applications
where polymeric materials are widely used (for example, rigid polymers in structures under
low frequency regime or elastomers in vibration filters). This is particularly important for
thermoplastics that have a very high temperature sensitivity and that can melt up to a
certain temperature. For instance, thermoplastic elastomers (TPE) are new materials that
can challenge traditional rubbers in many cases, providing that the workpiece can be
properly designed to avoid catastrophic self heating. In addition, they offer a better ability
in processing.

Basic experimental works devoted to the analysis of thermal failure of polymers can
be found in Constable el al. (1970), Hertzberg (1976), Ratner and Korobov (1965), Riddell
el al. (1966) and Takahara et al. (1980,1981). Constable el al. (1970) and Takahara et al.
(1980. 1981) also provided theoretical analyses where some simplifying assumptions were
made. Assuming the uniformity of the temperature field, they calculated the steady-state
temperature, but they did not consider the stability of that steady-state solution.

Catastrophic failure due to self heating is a common phenomena in dissipative
materials. Among such phenomena, adiabatic shear banding, or the formation of hot lines
observed by Tresca (1878) in high speed metal forming, are typical examples. These adia­
batic shear bands come from the growth of an unstable plastic flow (Culver, 1973; Clifton,
1978; Bai, 1982; Molinari, 1985; Molinari and Clifton, 1987) related to the heat dissipated
during the process and the resulting thermal softening of the material.

The problem discussed in this paper is quite different from the former problem where
a viscoplastic temperature sensitive material was considered that sustained large monotonic
deformations. However, an interesting analogy will be drawn from the discussion of the
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existence and stability of the steady states resulting from the balance of the heat generated
by the deformation process with the heat flux to the surroundings.

In this paper, we analyse the existence and stability of steady-state distributions of
temperature and deformation in a cylinder made of a linear thermal sensitive viscoelastic
material sustaining a compressive cyclic loading.

The organization is as follows. In Section 2 we describe the governing equations of the
quasi-static problem, and introduce the viscoelastic constitutive law for a thermal sensitive
isotropic, incompressible material. Two types of boundary conditions are prescribed in
which the amplitude of the axial force or the amplitude of the axial displacement are
controlled.

The equations governing the steady-state solutions are given in Section 3 in terms of
the storage and loss moduli. The steady-state profiles of the temperature and deformation
fields are obtained analytically in Section 4 for a thermorheologically simple material, under
the assumption that the storage and loss moduli depend linearly on the temperature. The
effects of the loading parameters and of the geometry of the specimen on the steady-state
solutions are discussed.

The conditions of nonexistence of a steady-state solution are established. A material
failure by thermal runaway necessarily appears in these cases.

A different case of thermal runaway, associated to the growth of any perturbation
from an unstable steady-state solution, is also analysed. This case is studied in Section 5
with a simplified linearized stability analysis.

Finally, laboratory experiments are presented and discussed with respect to the theor­
etical analyses in the Section 6.

2. GOVERNING EQUATIONS

A cylindrical specimen (radius R, length h, Fig. I) of a linear isotropic incompressible
viscoelastic material is submitted to an axial cyclic loading. Note that the conditions of
isotropy and incompressibility are well satisfied by elastomers. Small deformations are
considered. Thermal expansion is neglected, but this point will be discussed later in Appen­
dix A (see also Section 3).

Considering the decomposition of the Cauchy stress:

(J,j = - p/3ij + sij (1)

where p is the hydrostatic pressure and sij the deviatoric stress, the linear isotropic vis­
coelastic incompressible behavior is specified by the following Boltzmann law:
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Fig. I. Geometry of the specimen, and description of the mechanical and thermal boundary
conditions.
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(2)

where G(00, T) is the equilibrium modulus at temperature T.
Thermal effects are included in the temperature dependence of the relaxation function

G. 8ij designates the strain rate; in the small deformation theory considered here 8ij is the
time derivative (in the distribution sense) of the infillitesimal strain tensor.

Incompressibility reads:

81/ = 0 (3)

where the convention of summation on the repeated indice is adopted.
The law (2), which relies on the Boltzmann's superposition principle, assumes that the

absolute temperature T is time independent.
An important point of this paper is to analyse the steady state resulting from the

balance in the heat generated by the dissipation of part of the mechanical work and the
heat loss to the surroundings. The temperature is then time independent and the law (2)
can be used. Small deviations with respect to this steady state (variations of temperature
inducing small variations of G) will be occasionally considered.

The evolution of the temperature T is governed by the heat equation:

aT .
pc--kAT=Qat (4)

where p is the volumic mass, c the specific heat capacity, k the heat conductivity, AT the
Laplacian of the temperature and Qis the rate of calorific energy produced by the dissipation
per unit volume.

Taking account of the cylindrical symmetry of the problem (geometry of the specimen
and isotropy of the behavior) the equilibrium equations read in cylindrical coordinates:

(5)

The inertia effects are neglected. This point is discussed later.
Two types of mechanical boundary conditions will be considered.

2.1. Prescribed axial displacement
The axial component w of the displacement u = uer +veo + wez, see Fig. 1, is prescribed

at the upper and lower faces of the cylinder. A periodic loading is superposed on a static
compression IVrn < 0 :

w = wrn+wocoswt, atz = h

w = 0, at z = 0

with Wa > O.
The extremities are frictionless

(Jzr = (JeH = 0 at z = hand z = 0

and the lateral surface is traction free.

(6)

(7)
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2.2. Prescribed axialforce
In some of the experiments presented later, an axial compressive force is prescribed

and transmitted to the specimen by a rigid plate (Fig. I) constrained to move vertically.
The contact with the specimen is frictionless. The vertical displacement w is uniform at
z = h, and equal to zero at z = O. The amplitude of w is controlled by the prescribed force
F:

(8)

Inertia terms can be neglected in eqn (5) if the frequency w is sufficiently small. An
estimation of the range of admissible values of w is obtained when considering, for sake of
simplicity, the steady longitudinal oscillation of an elastic cylinder. It can be shown that
the quasi-static hypothesis is justified when w" « Ejph", where E is the Young modulus.
For a typical elastomer, with E = 100 MPa and p = 1000 kg m -3, this condition reads:

wh « 316 m s- I .

The thermal boundary conditions specify the heat transfer at the lateral boundary:

aT
k--.;- +;.(T- To) = 0 (atr = R)

or
(9)

where A is a heat transfer coefficient, and To is the external temperature. The extremities
are assumed adiabatic.

3. STEADY-STATE SOLCTIONS

A cyclic axial prescribed displacement is now considered. The first step in the analysis
consists in the determination of the steady state solutions. The stress and the strain fields
are first calculated, by using an a priori form of the displacement field. The dissipated
energy is then derived, and the temperature field is obtained by integration of the heat
equation. The case of a prescribed axial stress is also discussed.

Thermal dilatation is not taken into account in the following analysis, but it is shown
in Appendix A that the results are not affected by this effect.

3.1. Strain and stress analysis
Taking advantage of the symmetries of the problem, and of the fact that the extremities

are adiabatic, the following forms of the displacement field (similar to the isothermal
problem) and of the temperature field, are considered:

H' r
u(r, t) = u,,(r)coswt- 2

m h

where

T = T(r, t)

(10)

(II)

(12)

is the amplitude of the prescribed sinusoidal deformation. The displacement boundary
conditions are satisfied.

The strain tensor is given by:
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au u(r, t)
Grr = -;;-(r, t), GOO = -~.. , Gee = A (t)

0r r

Cu = 0 when i of. j

with

W
A(t)=socoswt+ h

m

u(r) can be obtained from the incompressibility condition (3) :

au u
~ + - +A = O.
ar r

It yields

(13)

(14)

(15)

and

A(t)
u(r, t) = - -2- r or

cor
uo(r) = - 2 (16)

A(t)
£00 = - -2~' (17)

The deviatoric stresses are obtained after substitution of eqn (17) in the constitutive
law (2):

S __

Silil = Srr = - ;-. (18)

Gx(Tm) = G(:YJ, Tm) is the equilibrium modulus expressing the material response at tem­
perature Tm to the static loading Wm. after an infinite time.

Tm is the mean temperature (i.e. time averaged), at the point considered, when the
steady state is established. Actually the temperature oscillates around Tm during a cycle.
Assuming that the amplitude of the temperature fluctuation is small enough (this is checked
in Appendix B), it can be considered that:

Developing eqn (18) leads to :

(19)

S __

Soo = Srr = - ;-,

with the storage modulus G' and the loss modulus G" defined by (Christensen, 1971):

(20)



3444 A. Molinari and Y. Germain

G'(w, Tm ) = G x (Tm ) +w f' [G(u, Tm ) - Gx(Tm )] sin(wu) du,

G"(w, Tm ) = w IX [G(u, Tm ) - G x (Tm )] cos(wu) duo
o

(21)

It can be noted that the spatial dependence of Scc appears through the r-dependence of

From the second equilibrium eqn (5) where (Jrc = 0, it results that the pressure p (and
consequently (Ji) is solely r-dependent. Furthermore, as indicated by the first eqn (5), (Jrr is
constant in the cylinder, and actually equal to zero, since the lateral boundary is traction
free. Thus:

p(r, t) = srr(r, t). (22)

As soon as the temperature field Tm is determined, the deviatoric stresses and the
pressure are obtained with eqns (20) and (22), and the stresses are:

(Jr .. = (JOII = O.

3.2. Thermal analysis
Time averaging of the heat eqn (4) over a cycle leads to the following result:

-k~ ~ (r dTm
) = ~llQ

r dr dr 2n

where the mean temperature is defined by :

Tm(r) =; r T(r, t) dt.
n JCYcie

(23)

(24)

(25)

The dissipated energy per unit volume and per cycle llQ, is equal to the area of the hysteresis
loop:

llQ = r (Jij(t)£ij(t) dt = r ~scJt)£cc(t) dt = 3m;~G"(w, Tm) (26)
Jcycle Jcycle

according to eqns (14), (17) and (20).
Finally Tm is the solution of the following equation:

k d (dTm) J ? "- - d- r-
d

= ~Wf.~G [w, Tm(r)]
r r r -

which can be integrated when G" is known. The boundary condition

dTm •
k-

d
+1.(Tm- To) = 0, forr = R

r

comes from eqn (9) after time averaging.

(27)

(28)
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3.3. Resulting axial force
The axial force F is obtained after substitution of the stress given by eqns (20) and

(23) in:

leading to:

F= Fm+F\ coswt-F2 sinwt

where the components of the dynamical response are:

F\ = 6neorrG'[w, Tm(r)] dr,

F2 = 6neorrG"[w, Tm(r)] dr.

The static force associated to the constant displacement W m is:

(29)

(30)

(31 )

(32)

The phase angle JjJ, between the applied displacement and the resulting force, due to
dissipative effects, appears when eqn (30) is rewritten in the form:

(33)

with

(34)

(35)

For an uniform temperature field, the loss tangent reduces to the classical expression

G"(w, T)
tan lj; = G'(w, T) .

3.4. Prescribed axial force
The boundary condition, eqn (8), is considered now. In that case the amplitude Wo of

the displacement is a function of the prescribed amplitude Fo of the axial force. This
relation, given by eqns (34) and (31), is highly nonlinear in the nonisothermal problem,
since the dependence of Tm with respect to eo = wo/h is ruled by the differential eqn (27).
For a given Fo, it will be shown later that a nonunique solution for Wo is possible.

The relation between Fo and Wo can be simplified, as generally done in the literature,
when the uniformity of the temperature field can be considered as a reasonable assumption.
Then Tm and eo = wo/h are solutions of eqns (C5) and (C6) of Appendix C. For a stubby
specimen, the assumption of uniform temperature is too crude, and the full solution is
necessary.
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4. ANALYSIS OF SELF HEATING AND THERMAL FAILURE

An important point of the paper is to determine the conditions under which self heating
leads to the destruction of the specimen. For thermoplastics this catastrophic process is a
consequence of the melting of the material.

For the purpose of designing structural components, it is useful to understand in a
systematic analysis, the effects of the material parameters, as well as the effects of the
geometrical and loading parameters. A special attention will be devoted to a particular
thermoplastic elastomer, a PEBAX (shore D hardness of 40) provided by Elf Atochem. The
PEBAX is a block copolymer made of polyamid and polyether segments. The amorphous
polyether phase is cross linked by the semi-crystalline polyamid. The melting temperature
of the PEBAX is 441 K.

Variation of the material properties will be also considered for illustration purpose.

4.1. Material properties
The viscoelastic properties are characterized by the moduli G' (w, T), GO' (w, T). Typical

experimental data for the PEBAX elastomer are reported in Fig. 2. The variations of G'
and GO' are presented in terms of the reduced temperature Tred = T - (I /fJ) In (w!wo ), where
f3 and Wo are material characteristics. The tests are conducted for different frequencies
(w/2n = I, 10, 100 S-I) and various temperatures. Since it is apparent that all the results
can be represented on a single curve [the master curve, Ferry (1980)], the material considered
is thermorheologically simple in the range of parameters considered in this paper.

It appears also that G' and G" can be approximated, for that material, by piecewise
linear functions of the reduced variable:

(
I W)G'(w, T) = h1-h1 T- ~f3ln-

(1)(1
(36)

(
I UJ)G"(w, T) = gl -gl T- /3 In UJ

o

(37)
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Fig. 2. Variations of the storage and of the loss moduli G' and G" of the PEBAX elastomer. in
terms of the reduced temperature Teod = T -(1/f.i)ln(wlwo )' The experimental data correspond to
different values of w (<) wi2l[ = Is-I.• wi2l[ = 10 s '•• w12l[ = 100 s·'). The dashed lines
represent the fit of these data by using eqns (36) and (37) of G' and G" and the parameters given in

Table I.
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Table I

PEBAX

w" 628 rad s i

fJ 0.4 K I

k 0.2Wm- ' K I

I. 20Wm 'K I

pc 2 xl 06 J K -1 m ;

PEBAX

T"d ~ 295 K
hi 390 MPa
h, 1.2 MPa K - I

T"d~314K

gl 25.3 MPa
g, 0.077 MPa K - I

T"d ~ 295 K
91 MPa

0.193 MPa K I

T"d~314K

3.1 MPa
0.006 MPa K I

where the parameters hi' hz• 9 I. 9z are constant on certain temperature intervals. The
material (mechanical and thermal) parameters for the PEBAX are presented in Table 1.
The fit of experimental measurements obtained by using these data can be appreciated in
Fig. 2. The changes in the slopes near Tred = 300 K can be attributed to a melting of the
polyether phase.

4.2. Analytical solution
The case where G' and G" have a linear T-dependence. as given by eqns (36) and (37)

(with hI- hz• 91' 92 constant). constitutes a basic problem to be solved.
The temperature TOl is solution of eqn (27). Using the expression (37) of G", it yields:

with:

(38)

, 0 [91 I (W)Jb- = a- - + -In --;- .
9z f3 w"

(39)

Note that these terms are positive according to the following conditions for the material
properties:

92 :;,: 0, G"(w.O)? O.

The general solution of eqn (38) involves the modified Bessel functions Io(ar) and Ko(ar).
Since Ko(ar) is singular at r = 0, it does not appear in the result. Taking account of the
boundary condition (28), the solution reads:

with

hZ

TOl(r) = ----:; +cdo(ar)
a-

(40)
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(41)

The components of the axial force are obtained from eqn (31) with the expressions
(36) and (37) of G' and G" :

(42)

The case where G" does not depend on the temperature is of interest. It can be deduced
from the general solution as the limiting case of g2 vanishing to zero. Using the asymptotic
expansion of the modified Bessel functions for small arguments, the following results are
derived:

(43)

(44)

These results are easily obtained by direct integration of eqns (27) and (31), which is
particularly simple when G" is temperature independent.

The analytical solution (40)-(42) can be used to analyse experiments as far as G' and
G" can be represented by a linear relation with respect to T as given by eqns (36) and (37).
A checking of the extremal values of the temperature in the specimen, consistent with the
G' and GO data used, is necessary a posteriori.

4.3. Parametrical analysis and discussion
The results corresponding to a PEBAX elastomer are now discussed. The material

data are found in Table I. The external temperature To is kept equal to 320 K, unless
otherwise specified. Due to the condition that T? 320 K in the specimen, it is seen in Fig.
2 and Table I, that G' and G" can be represented by linear functions with respect to the
reduced variable T-(l/P) In (w/wa ). Indeed, for the values of the temperature and of W

considered here, the parameters hI, h2, gl' g2 are constants given in the column on the right
of Table I. Cases where these parameters are piecewise constant will be addressed later.

4.3.1. Effects of loading parameters. We consider a cylinder with a radius R of 1O- 2m.
The evolution of the amplitude Fa of the axial force with respect to the amplitude of

the deformation [;0' for W = 100 S-I is represented in Fig. 3. The dashed line corresponds
to the isothermal linear viscoelastic behavior (T = To in the specimen). If the thermal effects
are accounted for, a maximum Foe of the bearing capacity is found at the deformation [;oc­

The deviation with respect to the dashed line manifests the increasing importance of self
heating and thermal softening, due to the larger input of energy produced when [;0 is
increased. The importance of thermal effects is illustrated by the temperature rise at the
center of the specimen represented in Fig. 4.

Looking again at Fig. 3, it is found that no stationary solution exists for an applied
force larger than Foe = 651 N. In that case the rate of dissipation is larger than the external
heat losses. No equilibrium state can be reached. The transient response leads to an
unbounded rise of temperature.
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Fig. 3. Evolution of the amplitude Fa of the axial force in terms of the amplitude °0 of the axial
strain for w = 100 S-I and To = 320 K. Note that Fa presents a maximum when thermal effects are
accounted for (continuous line). while Fa increases in the isothermal problem (dashed line). For

Eo ;, 0.07 the melting conditions are attained.
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Fig. 4. Temperature at the center (--) and at the lateral boundary (---) with respect to the
amplitude of the axial deformation (for w = 100 S·I).

For F ~ Foe, one or two stationary states are associated with the same level of force,
when keeping the temperature under the melting point. Even when two solutions are found,
it does not mean that they have a physical existence, since they can be unstable. The
problem of stability will be discussed in Section 5.

For a prescribed deformation 80' there exists only one single steady state until the
melting point is reached.

An interesting comparison can be made with the analysis of the existence of steady
states in the simple shearing of thermo-viscoplastic materials. Leroy and Molinari (1992)
have given an extended account of the literature on that subject. They consider a layer
of a nonNewtonian temperature-sensitive fluid sustaining a constant velocity on the
boundaries, or a constant shear stress, or a linear combination of stress and velocity. For
some material behaviors (exponential temperature dependence, for example), the analysis
of steady states shows a variation of the shear stress with respect to the velocity on the
boundary similar to the evolution, represented in Fig. 3, of the force Fo with respect to the
amplitude 8 0 of the cyclic deformation. In both problems a thermal runaway occurs when
the prescribed force is large enough. This analogy comes from the fact that in both cases
the steady states are the result of the balance between the heat produced by dissipation and
the heat removal to the surroundings.

A further analogy will appear in the analysis of the stability of the steady states in the
next paragraph.
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OL---__~ ~ ~ ~

10 100
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Fig. 5. Evolution of the amplitude Fo of the axial force. in terms of w (logarithmic scale), for a value
of the amplitude of the deformation of°0 = 0.0 I and for T" = 320 K. Note again the existence of a
maximum for Fo when the thermal effects are accounted for (continuous line) while F" increases

continuously in the isothermal case (dashed line).

In Fig, 5, where the amplitude of the deformation is kept at the constant value of
Go = 0.01, the evolution of Fo in terms of W is considered. The curve corresponding to the
ideally isothermal problem (T = To) is continuously increasing, since G' increases with w.
The second curve with a maximum Foe at We takes account of the thermal softening effects.
At high frequencies, these effects overcome the viscoelastic stiffening, since then the heat is
less easily evacuated to the surroundings. For larger values of Goo the thermal effects are
magnified. This results in a decrease of We as illustrated by Fig. 6(a). A similar conclusion
is drawn from Fig. 6(b) where increasing values of ware considered.

4.3.2. Eflect of geometry. To analyse the effect of the radius R of the specimen, the
mean value of the axial stress Fo/nR 2 is plotted as a function of Go, for W = 100 S-I, and
different values of R, Fig. 7. For increasing values of the radius, the maximum force Foe
and the deformation Goc at which this force is attained, decrease. This results from the higher
temperature attained at the center of the specimen having the larger radius, as a consequence
of the larger time for the heat to diffuse from the center to the lateral boundary.

The effects of the thermal transfer coefficients k and I. are illustrated in the Fig, 8 for
R = 0.015 m. Decreasing the values of k or I. leads to a similar effect as increasing the
radius, since in both cases the time for heat transfer is increased. The relative importance
of the parameters k, I. and R is well illustrated by the results of eqns (43) and (44), albeit
restricted to the case where G" does not depend on T. It is easily recognized that the
contributions of diffusion and of heat transfert at the boundary can be expressed in terms
of the ratios k; R2 and 1,/R.

4.3.3. Case of piecewise linear functions G' and G". The preceding calculations were
made under conditions where G' and G" could be represented by linear functions with
respect to the reduced variable T - (1/ fJ) In (w/wo )' of the form of eqns (36) and (37),

In this subsection, we consider conditions where the range of temperature is such that
G' and G" cannot be considered as linear functions of the reduced variable but rather as
piecewise linear functions of that variable. An illustration is provided by a cylinder of
PEBAX elastomer of radius R = 1O- 2m, sustaining a cyclic compressive loading under an
external temperature of To = 253 K. The evolution of the amplitude Fo of the axial force
in terms of the amplitude Go of the deformation is represented in Fig. 9 for W = 100 S-I. Two
analytical branches 51 and 52 are easily obtained. 51 (respectively, 52) corresponds to the
case where the reduced temperature in the specimen is everywhere less than 295 K (respec­
tively, larger than 314 K), allowing the use of the constant values of h lo h2, g 10 g2 given in
the first (respectively, second) column of Table 1. The solution 51 (respectively, 52) refers
to small (respectively, large) values of Go, see Fig. 9. They are represented by the continuous
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Fig. 6. (a) Amplification of the thermal effects with larger values of the amplitude of the deformation
Eo. Note that the maximum amplitude of the force Foe and the corresponding frequency We decrease
when Co increases. Note also that we have considered Foic" in order to normalize the results.

(b) Amplification of the thermal effects with larger values of the frequency w.

Axial Stress (MPa)

0.01 0.02 0.03 0.04 0.05 0.06 0.07

Fig. 7. Axial stress FainRc in terms of f. o for W = 100 s- '. This figure illustrates the amplification of
the thermal effects resulting in a reduction of the bearing load capacity for larger values of the

radius R.

lines. The dashed lines indicate the cases where the analytical solution does not remain
rigorous. This occurs when the increase of temperature in the bulk of the specimen leads
to a violation of the conditions stated in the Table 1. Note that the maximum of the force
Fo is found on the branch Sz.

A finite element calculation was performed for sake of comparison. The stationary
solution was calculated iteratively in the following way. The frequency w is given. At the
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Fig. 8. Amplification of the thermal effects for decreasing values of: (a) the heat conductivity k (W
m-IK - I) ; and (b) the thermal transfer coefficient at the boundary .ic (W m -'K -I) (R = 0.0 15 m,

OJ = 100 S-I).
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Fig. 9. Force Fo versus deformation Eo for the PEBAX elastomer submitted to OJ = 100 S-I at a
value of the external temperature To of 253 K. The radius R has a value of 10 mm. Two analytical
branches 51 and 5, are obtained (continuous and dashed line). Finite element results are compared

with the analytical solutions.
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Fig. 10. Analytical solutions compared with finite element results for the model material described
in Table 2 and for w = 100 s- I, To = 253 K, R = lO mm. Note that a local maximum in the force

F" is obtained on the branch 5 I'

Table 2

T,ed;' 310 K

390 MPa
1.2 MPa Ko,'

25.3 MPa
0.077 MPa K -1

l5.75 MPa
o

1.5 MPa
o

nth step of the calculation the temperature field Tn is assumed to be known, The stress and
strain fields 2J, and ~n are obtained with the mechanical equations, The resulting heat
production leads, after solving the energy equation, to a correction of the temperature field
Tn + 1 that serves for the calculation at the (n + I)th step.

It is of interest to note in Fig. 9 that the finite element results exactly follow the
analytical solutions (continuous line) and are also close to the approximate analytical
solutions (dashed lines).

In other cases, a local maximum is found on the branch S 1 as illustrated for w = 100
S-I and To = 253 K in the Fig. 10, obtained for a model material whose characteristics are
reported in Table 2. It is of note to remark that the linear growth of the solution S2 is a
consequence of G' and Gil being constant for Tred ~ 310 K. Here again the approximate
analytical solution follows closely the results provided by the finite element calculations.

5. STABILITY ANALYSIS

The analysis has been restricted so far to the mathematical existence of steady-state
solutions, but their physical existence, which is conditional to their stability, was not
established. This section is aimed at analysing the influence of the loading conditions on
the stability of the steady states.

5.1. Simplified approach
Significant stability results are obtained when some simplifying assumptions are made.

We assume that the temperature field is uniform in the sample. This is realized in thin
specimens. Any development of heterogeneity is disregarded. The analysis of tensile tests,
where necking could appear, is not discussed.

Finally, the phenomena considered here are those where the characteristic time of
growth of the instability is large with respect to the period of a cycle. This latter hypothesis
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implies that the temperature depends on a fast time to = t (the physical time) and a slow
time t1 = et where I; is a small parameter:

(45)

The dependence on to describes the temperature variation on a cycle, while the dependence
on t 1 follows the development of the instability.

Since by assumption the solution is uniform, the energy equation takes on the following
form [see eqn (C4) in Appendix C] :

(46)

where Qis the heat generation per unit volume and time. The heat transfer at the lateral
boundary is characterized by the transfer coefficient:

(47)

The stability of the steady-state solutions is now analysed in the framework of the
linearized stability analysis. A small perturbation is superimposed on the steady-state
temperature profile. A linear evolution equation for that perturbation will be derived. The
problem is then considered as linearly stable if the perturbation decays and linearly unstable
if it grows. The analysis is restricted to weak instabilities having a characteristic growth
time much larger than the period of a cycle. Then the relevant variable in the stability
analysis can be taken as the time average of the temperature on a cycle, which is solely
dependent on the slow time t I :

(48)

The evolution equation for t can be obtained from eqn (46), by taking account of

that, after averaging with respect to to on a cycle, becomes:

dT dT dt dt
-=1;-=1;-=-
dt'dt 1 dt , dt'

Finally we get:

(49)

The right-hand side comes from eqn (26) (multiplied by w/2n) where Tm is replaced by t.
This is consistent since t is slowly varying with respect to time, and can therefore be taken
constant on a cycle (or on several cycles).

Considering now a steady-state solution, the time derivative can be canceled in eqn
(49). The steady-state temperature Tm satisfies the equation:
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Substracting eqns (49) and (50) results in the following differential equation that governs
the stability of steady states:

During the initial stage of the development of instability, f remains close to Tm . Therefore
it was justified to use the constitutive law (2) based on the Boltzmann principle, from which
eqn (49) was obtained.

After linearization of eqn (51), a first-order linear differential equation governing the
evolution of f - Tm is obtained. The stability condition reads:

with

A<O

de
For a prescribed (velie displacement, we have d; = 0, and eqn (53) reduces to:

1 ,dG"
A = ~we~ dT -K.

(52)

(53)

(54)

This quantity is negative when dG"/dT:::; O. It follows that the steady states associated to
a prescribed cyclic displacement on the PEBAX elastomer are stable for the range of
temperature where G" is decreasing. Note that there exist viscoelastic materials for which
dG"/dT can be positive. For these materials, instability of steady states is not excluded in
the case of a prescribed cyclic displacement.

For a prescribed amplitude of the cyelic force Fl)' eo (Tm ) is given by eqn (C6) of
Appendix C:

(55)

The stability condition (52) reads now:

(56)

It can be checked that the marginal stability condition A = 0 corresponds to the steady
state at the maximum of the curve Fo versus eo represented in Figs 3 or II. The steady states
on the left of the maximum are stable (subcritical branch), while those on the right are
unstable (supercritical branch). It can be shown that the signs of dFo/dTm and -A are
identical, and that dTm/deo > O.

The steady states represented in the Fig. II are obtained for the PEBAX elastomer
sustaining a cyclic loading with a frequency of w = 314 S-I at the ambient temperature
To = 297 K. The heterogeneity of the temperature field is reduced by choosing a small
radius R = 5 mm. Taking eo = 0.04, the temperature at the center and at the lateral
boundary are TeenIer = 328 K and Tbound = 322 K.

The values of the stability parameter A are also represented on the same graph. It is
observed that the marginal stability criterion A = 0 is satisfied when the maximum of Fo is
attained.
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Fig, II, Stability results for prescribed force conditions, The Fo versus 80 curve represents all the
possible steady states for the PEBAX elastomer at To = 297 K and ill = 314 S-I, The radius R has
a value of 5 mm, The stability of these steady states depends on the boundary conditions, 1\ is the
stability parameter. Note the neutral stability (1\ = 0) at the maximum of the Fa-8o curve, the
instability of the steady states (1\ > 0) on the supercritical branch (decreasing dashed line) and the

stability of the steady states (1\ < 0) on the subcritical branch (increasing continuous line),

Here again an interesting analogy can be drawn from the discussion of the stability of
steady states in a thermoviscoplastic material sustaining a shear flow, Leroy and Molinari
(1992) analysed the case of a material with a viscosity depending exponentially on tempera­
ture, Elasticity was neglected. When a constant velocity is applied on the boundaries, it was
proved by Leroy and Molinari (1992) that all the steady states are stable, while only the
steady states on the subcritical branch (the ascending branch of the stress versus velocity
curve) are stable when a constant stress is applied [see also Joseph (1964,1965)],

Leroy and Molinari (1992) also discussed the case where a mixed boundary condition,
i.e, a linear combination of stress and velocity, is applied. In that case a "window" of
instability can appear. The steady states are unstable when the velocity Vat the boundary
has a value in the window [V-, V +] where V - and V + are critical velocities cor­
responding to the marginal stability criterion A = O.

Mixed boundary conditions could be written for the problem analysed in the present
paper as follows:

(57)

where £, Fand ¢ :s; 0 are constants that characterize the loading conditions. The limiting
cases ¢ = 0 and ¢ = - 00 correspond to a prescribed displacement or force respectively.
The stability condition associated to the mixed boundary condition (57) is:

(58)

For ¢ = _10- 3
, Fig, 12 shows that the steady state corresponding to marginal stability is

now on the descending branch of the Fa versus eo curve. When the value of ¢ tends to zero
the range of stable steady states increases. For a value of ¢ = 0, corresponding to a
prescribed axial displacement, the condition (54) is retrieved, and all the steady states are
stable for the PEBAX elastomer.

Note that Leroy and Molinari (1992) have taken into account the nonuniformity of
the temperature field in their stability analysis. Their results are similar to the results of the
present simplified analysis where the temperature distribution has been disregarded. In view
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Fig. 12. Stability results for a mixed boundary condition (- x < ¢ < 0). Note that the steady state
corresponding to neutral stability (i\. = 0) is now on the supercritical (decreasing) branch.

of this similarity, the present stability results are thought to be still valid when a larger
radius induces a moderate nonuniformity in the temperature field. This will be confirmed
by the experimental results presented later.

6. EXPERIMENTS

6.1. Experimental device
The experiments were conducted at room temperature (24"C), at a frequency of

w/2n = 50 s~ 1. The specimens were cylindrical with a length of h = 30 mm and a radius of
15 mm. The material is the PEBAX thermoplastic elastomer, having the material charac­
teristics given in Table I.

The MTS 1000 device, from Mechanical Testing System Co, has been used in these
experiments. Dynamic testing was performed under prescribed cyclic displacement or pre­
scribed cyclic force as described by eqns (6) and (8). When a steady state was reached, the
amplitudes of the force Fe and of the strain £0 defined in eqns (12) and (8) were reported in
a force versus strain diagram. Several points in this diagram, representative of all the steady
states reached in the experiments, are then obtained, see Fig. 13. The temperature was also
measured at the center of the specimen with a transducer placed within the material through

Fa IN)

800

• • •
•600

400

• Experiments

200
- Theoretical results

O"----~---~---~-------~--~
0.005 0.01 0.015 0.02 0025 0.03

Fig. 13. Force versus deformation diagram. Large dots represent stable steady states obtained from
experimental tests where the displacements were prescribed. Experiments were conducted under the
following conditions: w/2rr. = 50 S-I and To = 297 K and the specimen radius had a value of 15
mm. Note that these results agree with the theoretical analysis (continuous line) especially for the

prediction of a maximum bearing capacity.
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Table 3

(a) Prescribed displacement
Experimental conditions

W" (mm) "0 -Fm(N) Tmi,(K)
Results

F,,(N) T,,","

o
0.25

0.375
0.5
0.6
0.65

BO.7
0.75

o
0.0083
0.0125
0.0167
0.0200
0.0217
0.0233
0.0250

o
800
800
800
800
800
750
730

297
297
297
297
297
297
373
383

o
535
637
755
780
747
726
701

297
318
337
365
398
418
423
433

(b) Prescribed load
Experimental conditions

FoUV) - Fm(N) Tin,,(K)
Results

Teenier

A 700
700
726
800

700
700
726
800

297
390
413
297

0.45
0.45

destruction
destruction

0.015
0.015

80
80

a narrow channel. The temperature rise throughout the test was continuously monitored
on a recorder.

The compression set-up was made of two ceramic plates that insure thermal insulation,
Fig. I. To reduce friction on these interfaces, a graphite grease was used. The heat transfer
coefficient on lateral boundaries was measured for that elastomer at the value of J. = 20 W
m -2K -1 given in Table 1.

A static loading force Frn [see eqn (8)] is enforced in order to keep the specimen under
compression throughout the testing and to preserve the contact at the interfaces. The load
Frn was reduced to avoid excessive creeping during the transient period that would render
the measurements hardly useful. To reduce further creeping effects, the specimen was pre­
heated in an oven up to a temperature that was estimated with the theory described herein.
Doing so, the transient time to attain equilibrium was minimized and creep was observed
to be almost negligeable.

It can be checked that the quasistatic condition w « vi E/ ph 2 = 1.05 x 103
S - 1 is satis­

fied.

6.2. Results and discussion
A series of experiments were conducted with the amplitude of the displacement being

prescribed. Table 3 gives the values of Fo corresponding to prescribed deformations
So = li'oIh. For each test, the values of the static force Frn and of the initial temperature
(sometimes obtained by pre-heating) were reported. When a steady state was reached, the
final equilibrium temperature at the center of the specimen was also reported.

The strain So was increased up to the value of So = 0.025. This is approximately the
limit beyond which melting of the material occurs. For this strain corresponding to a
displacement of w" = 0.75 mm, the temperature at the center of the cylinder was measured
at the value of T = 433 K, very close to the melting temperature TrneH = 445 K. The
temperature measured at the center of the specimen is reported in Fig. 14 for different
values of the prescribed strain So' For comparison we have shown on the same diagram the
theoretical predictions which are close to the experimental results.

Looking again at Fig. 13, good agreement can be noted between the analytical and
experimental results. Especially, a close prediction of the maximum bearing capacity is
found at the value of Fo = 780 N corresponding to the strain Go = 0.02 (wo = 0.6 mm). The
data used in the calculations are given in the column on the right of Table I. These
data correspond to the steady-state temperatures reached in the specimen for experiments
conducted at room temperature. It is verified that Tred ? 314 K in the specimen for
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Fig. 14. Equilibrium temperatures measured at the center of the specimen (large dots) and cor­
responding to the steady states of the Fig. 13. These temperatures are compared with the analytical

results (continuous line).

£0 ::;:: 0.008. Note the differences with the results of Fig. 9 where the foHowing values were
used: w = 100 S-1 and To = 253 K.

All the steady states of the subcritical and on the supercritical branches have been
reached for prescribed displacement IV" smaller than 0.75 mm (melting limit). Therefore
these equilibrium states are stable as predicted by the simplified linearized stability analysis.

The theoretical results were shown to be quite different in the case of prescribed force
conditions. The theory predicts a maximum bearing capacity of Fo ~ 780 N. Indeed, a test
conducted at a value of Fo = 800 N confirmed that no equilibrium could be reached, see
Table 3(b). A continuous increase of the temperature (thermal runaway) and of the strain
was observed.

For an applied value of Fo smaller than the maximum bearing capacity, the model
predicts the existence of two steady states where the one located on the subcritical branch
is stable. The other one, located on the supercritical branch is unstable.

The experimental results are reported in Table 3(b). A force Fo of 700 N was prescribed
and two initial temperatures were considered, Tim!] = 390 K and T!TI,t2 = 297 K. Depending
on the value of the initial temperature, two paths are followed towards the steady state A,
emanating from A I and A 2 , respectively, Fig. 15. State A, acting as an attractor, is found
to be the stable limiting point of these evolutions. More generally, all the subcritical steady
states could be obtained under a prescribed load condition. These experimental results

Fa (N)
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600
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200

0

E-----t, B, B
A, unstable

0.005 001 0.015 0.02 0.025 0.03

Fig. 15. Experimental results under prescribed load conditions. The arrows represent the paths
followed during the tests. The stable subcritical steady-state A acts as an attractor. On the contrary
the supercritical steady-state B cannot be reached. The path emanating from the initial state B,

evolves to a thermal runaway resulting finally in the collapse of the specimen.
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agree with the theoretical analysis that predicts the stability of the steady states on the
subcritical branch.

On the other hand, it was not possible to reach the supercritical steady states under a
prescribed load condition. Let us consider an initial temperature Tinit of 413 K and an
applied force Fo of 726 N. The arrow starting from the initial state B], Fig. 15, indicates
that the strain increases. But no equilibrium could be found. A thermal runaway and a
collapse of the specimen was observed [see Table 3(b)]. Note that B, see Fig. 15, represents
a stable steady state obtained under a prescribed displacement condition (wo = 0.7 mm,
80 = 0.0233). The amplitude of the force Fo associated with B was measured at the value of
726 N. This steady state could not be attained under a prescribed value Fo of 726 N.
Decreasing slightly the initial temperature, the evolution path would tend to the attractor
A.

7. CONCLUSION

The conditions of existence and stability of steady states have been examined for a
thermoplastic elastomer under compressive cyclic loading. Small deformations and quasi­
static conditions were considered. A linear isotropic viscoelastic incompressible behavior
was assumed. The material response was described by a Boltzmann law with a temperature
dependent relaxation function. The steady-state distributions of stresses and temperature
were calculated analytically for a thermorheologically simple material whose relaxation
function depends linearly on the temperature.

The stability of the steady states was shown to be conditional on the boundary
conditions, except for the subcritical steady states (located on the increasing branch of the
Fo-80 diagram). The supercritical steady states (decreasing branch) are unstable under
prescribed force conditions and stable under prescribed displacement conditions. When
mixed boundary conditions are considered, the supercritical branch can be divided into
stable and unstable regions.

These results are similar to those of Leroy and Molinari (1992) concerning the stability
of the shear flow of a thermo-viscoplastic material. The physical content is however quite
different. Elasticity was disregarded and monotonous loading conditions were considered
in the work of Leroy and Molinari (1992), while here elasticity has an important role, and
cyclic boundary conditions are applied.

The analytical solutions provided here are of interest for the understanding of the
conditions of thermal runaway observed in the experiments. The whole set of steady states
predicted by the theoretical analysis was reached experimentally by performing tests where
the amplitude of the displacement was prescribed. On the contrary under prescribed load
tests, only the subcritical steady states were obtained. The other steady states were shown
to have no physical existence. The theoretical results are consistent with these observations.

The results obtained here, provide general trends that can be helpful in guiding the
analysis and design of thermoplastic structural elements sustaining a cyclic loading.
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APPENDIX A

Effect of thermal expansion
We are aimed at analysing the influence of thermal expansion on the steady-state solutions. Taking account

of the volumic dilatation induced by thermal expansion modifies the right-hand side of eqn (15) :

(AI)

where rx is the thermal expansion coefficient, assumed constant.
The steady-state displacement and temperature u and T can be decomposed into a time independant part iI

and f (given by time averaging on a cycle) and a fluctuating part il, t. Equation (A,) can be split into:

dil(r) iI(r) _ _
~ + -r- +A, = 3~(T(r)- To)

dil(r, t) . il(r, t) _ _
~ + -r- +Adt) = 3~T(r, t)

(A2)

(A3)

where f(r) is given by eqn (40).
Let us first derive a rough estimation of the contribution of the term 3rxt in eqn (AJ). An estimation of the

temperature variation during a cycle is obtained in Appendix B: !IT = !lQjpc. An overestimation of the relative
error induced on the dissipated energy !lQ per cycle, by neglecting thermal expansion, will be: ,) = coE !lej!lQ
where E is the Young modulus and !le = rx!l T is the linear thermal expansion. For the PEBAX elastomer we have
rx = 10- 5 K", E = 150 MPa. Thus the relative error,) = Eo Erx! pc = 0.00075 eo is quite small, and the term 3rxt
can be dropped in egn (AJ).

Therefore, it can be shown that the thermal expansion coefficient has a negligeable influence on the steady­
state solutions. However, it modifies the value of the static part of the axial force when the axial displacement is
controlled.

APPENDIX B

Emluation of the temperature fluctuation over a cycle
With the assumption that the process is adiabatic (k = 0, i. = 0), an upper bound of the temperature

fluctuation, over a cycle, is calculated by integrating the heat equation (4):

!lQ 3ne~Go
!IT=·~=--.

pc pc

Typical values for a PEBAX elastomer at Tn = 293 K are: GO = 8 MPa, pc = 2x 10" 1 K ' m- 3 For
Eo = 0.05, an upper value of the amplitude of the deformation prescribed in the experiments, the temperature
fluctuation !lT = 0.094 K is small enough to justify the approximation (19).

APPENDIX C

Simplified analvsis for an uniform temperaturefield
Considering a slender specimen (Rjh « I) or a material with a large thermal conductivity, the distribution of

temperature is nearly uniform. The energy eqn (4) reads:

(CI)

Let us define the mean value of T in a cross-section by:
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From eqn (CI), we obtain the relation:

A. Molinari and Y. Gennain

1 iR

(T) =~, T(r)2nrdr.
nR" 0

(C2)

d 2 iR 0(08 .pc-(T)-k~ - r- dr = (Q)
dl R 2 0 or or

that, after using eqn (9), leads to :

d 2 .
pCdi(T>+ RA[T(R)- To] = (Q). (C3)

When the radius R decreases to zero, the relative difference of temperature from the center to the boundary

Tir=o-T1r=R

TI'~(]

tends to zero. [For example, considering the particular case of the steady-state temperature distribution given by
eqn (43), it can be checked that: ell = 0 (R 2

).]

Then the temperature can be considered as constant in a cross-section and eqn (C3) can be rewritten as:

dT .
PCctt +K(T-TJ = Q

with K = 2iJR.
Considering now a steady-state solution, eqn (C4) reads after time averaging on a cycle:

Moreover, eqns (31) and (34) reduce to:

(C4)

(C5)

(C6)

where the axial stress (Jo = (J" is now uniform, and tan Ij; = G"(w. Tm)/G'(w, Tm). The system of eqns (C5) and
(C6) provides Tm and Eo = wo/h in terms of Fo.


